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1 Introduction 

In 1984, Wodzicki discovered a trace on the algebra ^f c \(X) of all classical pseu- 
dodifferential operators on a closed compact manifold X in [15], which vanishes if the 
order of the operator is less than — dimX. It turns out to be the unique trace on this 
algebra up to rescaling. 

Wodzicki' residue has been applied to many branches of mathematics. Especially, 
it plays a prominent role in noncommutative geometry. In [4], Connes proved that 
Wodzicki's residue coincided with Dixmier's trace on pseudodifferential operators of 
order — dimX. Wodzicki's residue also had been used to derive an action for gravity 
in the framework of noncommutative geometry in [6], [9], [10]. 

In [3] , for an even dimensional compact oriented conformal manifold X without 
boundary, Connes constructs a canonical Fredholm module (H,F). Here H is the 
Hilbert space of square integrable forms of middle dimension: H = L 2 (X,A l c T*X) 
with I = ^dimX and F = 2P — 1 where P is the orthogonal projection on the 
image of d. By Hodge decomposition theorem, we observe that F preserves the finite 
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dimensional space of harmonic forms H , and F restricted to H © W is given by 

„ d5-5d 
F = . 

d5 + 5d 

Using the equality : 

Wres(/o[F,/i][F,/ 2 ])= / /cA>(/i, / 2 ), (1.1) 

Jx 

where fo, fi, / 2 € C°°(X), Connes defined an n-form f2 n (/i,/ 2 ) which is uniquely 
determined, symmetric in fi and / 2 , and conformally invariant. In particular, in 
the 4-dimensional case, this differential form was explicitly computed in [3] by the 
conformal deformation way. 

In [13], Ugalde presented the computations in the six dimensional case for a whole 
family of differential forms related to £l n (fi, / 2 ). In [14], he gave an explicit expres- 
sion of O n (/i, / 2 ) in the flat case and indicated the way of computation in the general 
case. 

The purpose of this paper is to generalize these results to the case of manifolds 
with boundary. 

To do so, we find first that Wodzicki's residue in (1.1) should be replaced by 
Wodzicki' residue for manifolds with boundary. For a detailed introduction to the 
residue for manifolds with boundary see [5], where Fedosov etc. defined a residue on 
Boutet de Monvel's algebra and proved that it is a unique continuous trace. For a 
good summary also see [11]. In addition, Grubb and Schrohe got this residue through 
asymptotic expansions in [8]. Subsequently we will use operator ir + F in Boutet de 
Monvel's algebra instead of F in (1.1) (tt + F will be introduced in Section 2.1). 

Secondly, we will use the form pair (^ n)7r +s,x(/i> f2), ^n-i )7 r+5,y(/i> f2)) instead 
of ^ n (/ii/2) where Y = dX and (1.1) turns into: 

Wres(^+/o[vr+F, tt+/i] [vr+F, vr+/ 2 ]) 

= / /(Ai,7r+F,x(/l>/2) + / /o|y^n-l,7r+F,y(/l)/2), (I- 2 ) 
JX JY 

where /oj/1,/2 £ C°°(X); /o|y denotes that the restriction of /q on Y. Here fo is 
assumed to be independent of x n near the boundary, where x' = (x±, x n -\) are 
coordinates on dX and x n is the normal coordinate (In what follows, x n always 
denotes the normal coordinate.). 

In Section 2, we briefly recall Boutet de Monvel's calculus and Wodzicki's residue 
for manifolds with boundary. 

In Section 3, for a pseudo differential operator S of order with the transmission 
property acting on sections of a vector bundle E over X = X Uy X, we consider 
Wres(^ + / [7r+5,^ + /i][^+5,7r+/ 2 ]) where tt+S : C°°(X,E\ X ) -» C°°{X,E\ X ) is de- 
fined in Section 2.1. We also show that 

^+5,x(/i,/ 2 ) = n n>s , x (fi,f2)\x ; (1.3) 
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Wres(vr+/ok + S, vr+Zi] [vr+5, vr+/ 2 ]) 

= / /(A V r+s,x(/i,/2)+ / /o|yn„-i )W+ s,y(/i,/2). (1.4) 

determine a unique form pan (O n)7r +s,x(/i, ib), ^n-i^+s, y(/i, .fe)) which is sym- 
metric in fi and / 2 , where ]\ , / 2 are extensions on X of /1 , / 2 and fo is inde- 
pendent of x n near the boundary and fi n sj(/i,/2) = ^n(/i)/2) is defined in [3]. 

Moreover,Wres(7r + /o[7r + 5', 7r + /i] [vr+S", vr + / 2 ]) is a Hochschild 2-cocycle (see Section 
3) over C°°{X). 

In Section 4, for a Riemannian manifold (X, g) which has the product metric near 
the boundary, (X,g) is the associated double Riemannian manifold. When dimX is 
even, then ^ ra _i i7r +_F 5 y(/i, / 2 ) = and we get the formula: 

Wres(7r + /o[7r + F,7r + / 1 ][^ + F,7r+/ 2 ])= f f n n ^ FtX (fi, / 2 ). (1.5) 

So we define subconformal manifolds and ^ nj7r +_F,x(/i) ^2) is a obvious subconformal 

n+l 

invariant. When dimX is odd and (S, E) = (F, H), where H = L 2 (X, A c 2 T*X) and 
F is defined as before, then ^ n ,n+F,x(h-, f2) = 0. So we get: 

Wres(^ + /o[vr + F,7r + / 1 ][7r + F,vr + / 2 ])=^/o|yO n _ 1 ^ +Fiy (/ 1 ,/ 2 ). (1.6) 

Subsequently, in Sections 5,6, we compute the expression of Q n -i,ir+F,Y (/i> ^2) 
and get its explicit expression for flat manifolds in the ^^-independent and the x n - 
dependent cases. In Section 7, when n = 3, using the normal coordinate way we 
prove the formula: 

fV+F,y(/i,/ 2 ) = l*a 2 (fi\Y,f 2 \Y) - 6Tr 2 d Xn fi\x n =od x j2\x n =oVol Y . (1.7) 

So 

2)W +F,y(/i./2) +67r 2 a a:n /i| a; „=oax n /2U n =oVoly (1.8) 

may be considered as a conformal invariant of {X,g). The above results generalize 
[3] and [14] to the case of manifolds with boundary. 

For the rest of this paper, We will briefly use (^ n (/i, / 2 ), ^n-i(/ii f2)) instead 
of (^n,7r+5,x(/i,/2),^n-i,7r+5,y(/i>/2)) in this section. We refer £l n (fi,f 2 ) in this 
paper (in [3]) if f\ and f 2 are functions on manifolds with (without) boundary. 

2 Boutet de Monvel's Calculus and Residue for Mani- 
folds with Boundary 

In this section, we recall some basic facts about Boutet de Monvel's calculus which 
will be used in the following. For more details, see [1], [7], [11] and [12]. 
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2.1 Boutet de Monvel's Algebra 



Let 



F : L 2 (R t ) -» L 2 (R^); F(«)(v) = ^ e - ivt u(t)dt 



denote the Fourier transformation and <£(R+) = r + <E>(R) (similarly define <1>(R )), 
where 3>(R) denotes the Schwartz space and 

r+ : C°°(R) -» C°°(R+); / -► /|R+; R+ = {x > 0; x e R}. 

We define H + = F(3>(R+)); H = F($(R - )) which are orthogonal to each other. 
We have the following property: h 6 .ff + (-f^o") iff /i € C°°(R) which has an analytic 
extension to the lower (upper) complex half-plane {Im£ < 0} ({Im£ > 0}) such that 
for all nonnegative integer I, 

as |£| -► +oo,ImC < (Im£ > 0). 

Let H' be the space of all polynomials and H~ = HqQ)H'; H = H + Q)H~. 
Denote by ir + (ir~) respectively the projection on H + (H~). For calculations, we 
take H = H = {rational functions having no poles on the real axis} (H is a dense set 
in the topology of H). Then on H, 

+w, , i „_ r ho 



^ + MCo) = 77- lim / - vs/ - rig, (2.1) 
27rz u-vo- Jr+ Co + w — ? 

where T + is a Jordan close curve included Im£ > surrounding all the singularities 
of h in the upper half-plane and Co £ R» Similarly, define tt on H, 

*'h = ^ / r+ /i(£R- (2-2) 

So, tt'(^-) = 0. For h € HC\L l (R), ir'h = ± f R h{v)dv and for /i e F+n^ 1 (^)> 
-'// = 0. 

An operator of order m £ Z and type d is a matrix 

a= !, ^ + U * : e e 

V / c°°(ax,Fi) c°°(ax,F 2 ) 

where X is a manifold with boundary <9A and E\,Ei (Fi, F 2 ) are vector bundles over 
X (dX). Here, P : Cq°(Q,Ei) — > C°°(fi, £2) is a classical pseudodifferential operator 
of order m on f2, where £1 is an open neighborhood of X and Ej|X = E{ (i = 1, 2). 
P has an extension: £'(tt,Fh) -> V(Q,E^), where £'(n,£T) (V'(tt,E^)) is the dual 
space of C°°(n,E[) (Cg°(n,i^)). Let_e + : C°°(X, E\) -► denote extension 

by zero from X to O and r + : X>'(f2, £2) — > V'(Q,E2) denote the restriction from Q 
to A, then define 

= r +Pe + : C°°(A, £i) -> P'(0, £ 2 ). (2.3) 
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In addition, P is supposed to have the transmission property; this means that, for all 
j, k, a, the homogeneous component pj of order j in the asymptotic expansion of the 
symbol p of P in local coordinates near the boundary satisfies: 

^^■(x',0,0,+1) = (-1)^1^^.(^0,0,-1), 

then ir+P : C°°(X,£i) -» C ,00 (X,E 2 ) by [12]. Let G,T be respectively the singular 
Green operator and the trace operator of order m and type d. if is a potential 
operator and S is a classical pseudodifferential operator of order m along the boundary 
(For detailed definition, see [11]). Denote by B m,d the collection of all operators of 
order m and type d, and B is the union over all m and d. 

Recall B m ' d is a Frechet space. The composition of the above operator matrices 
yields a continuous map: B m ' d x B m '> d ' -» B m+m '> max {™ '+<W . Write 

The composition AA' is obtained by multiplication of the matrices(For more details 
see [12]). For example tt + P o G' and G o G' are singular Green operators of type d! 
and 

TT+POTT+P' = 7r + (PP') + L(P,P'). (2.4) 

Here PP' is the usual composition of pseudodifferential operators and L(P, P') called 
leftover term is a singular Green operator of type m! + d. The composition formulas 
of the above operator symbols will be given in the following. 

2.2 Noncommutative Residue for Manifolds with Boundary 

We assume that E\ = E 2 = E; F\ = F 2 = F and b(x' , £ n , %) is the symbol of 
a singular Green operator G (about the definitions of symbols, see [11, p. 11]), then 

tr (6) = _L f b (x', e', £„, CnRn = &(*', £') (2.5) 

is a symbol on Y and b\- n is obtained from 6_ ra (see [5]). Let S (S') be the unit 
sphere about £ (£') and <r(£) (<t(£')) be the corresponding canonical n — 1 (n — 2) 
volume form. Now we recall the main theorem in [5], 

Theorem (Fedosov-Golse-Leichtnam-Schrohe) Let X and dX be connected, 

d\mX = n > 3, A = ^ ' ^ ^ j £ 5, and denote by p, b and s the local 

symbols of P, G and S respectively. Define: 
Wres(^) = f x J s tr E \p-n(x, 0) °(0dx 



+ 



2tt / / {ti E [(tr6_ n )(x', £')] + tr F [s^ n (x f , £')] } <KO^', ( 2 -6) 

JdXJS' 



Then a) Wves([A, B]) = 0, for any A,B£ B; b) It is a unique continuous trace 
onB/B-°°. 
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3 Properties of (tt n ,*+s,x(hi h)> n n-i,7r+s,y(/i, h)) 

Let X be a compact n-dimensional manifold with boundary Y and X = X \J Y X. 
For a pseudodifferential operator S of order with the transmission property acting 
on the sections of a vector bundle E over X, we consider the composition: 



p = f 

I 



7T+S W 7T+/l 

J ' \ 



TT+S \ TT+f 2 

J ' 1 



:=7r+/ [7r+5,7r+/ 1 ][7r+S,7r+/ 2 ]. 



with / ,/i,/ 2 G C°°(X) which is the set G C°°(X)}. By Section 2, ^+5 : 

C°°(X,E\ X ) -» C°°(X,P| X ) is well defined and vr+/i : C°°(X,£| X ) -» C°°(X,£| X ) 
is just the multiplication by fi for i = 0, 1, 2 and P = 7r + (/o[5', /i][<5> /2D + G where 
G is some singular Green operator. By (2.6), 

Wres(P)= / /owres[5,/i][5,/ 2 ]| x + 27r / wre Sa; ,tr(6). (3.1) 
Here /1 , / 2 are the extensions on J of /1, / 2 and 

wres[S,/i][S,/ 2 ] = / tr £ p_ n (x, £)a(£)dx; wves x dv(b) = / tr £ (tr6_ n )(x', £')a(£')dx' , 

(3.2) 

where p- n , 6_ n are respectively the order — n symbols of [S, fi][S, / 2 ] and G. Write: 
n n (fi,f2) = wre S [SJ 1 ][S,f 2 ]\x = n n (h, f 2 )\ x ; (3.3) 
/o|y^n-i(/i, /2) = 27rwres :E /tr(6) (3.4), 

then we have 

Wr^s(^+/o[7r + 5,^ + / 1 ][^ + < S,7r+/ 2 ])= / f n n (f 1 ,f 2 )+ [ /o|y«n-i(/i, / 2 ). (3.5) 
By [14], we have: ^ n (/i,/ 2 ) = 

S a^WoT^ (/l) ^'' + ' (/2) X ^' + V,)^V*)] ' 

(3.6) 

where er£ - denotes the order — j symbol of S 1 ; = (—i)^d^ and the sum is taken 
over \a'\ + \a"\ + + + j + fc = n;\0\ > 1,\8\ > 1; a', a", (3,5 £ Z£;j,fc € Z+. By 
(3.6), this is a global n-form which is independent of the extensions of fi, f 2 . 

Subsequently, we discuss the existence and uniqueness of f2 n -i(/ij f 2 ). 

Recall, for example see [5, p. 26], if A\ and A 2 are pseudodifferential operators 
with the transmission property, then the Green operator 

G = L(A 2 , Ai) = tt + A 2 o 7T + A 1 - 7r+(A 2 o Ai) 
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has a symbol b a2 , ai ■ If A\ and A2 have symbols ai(r] n ) = a±(x', x n , r] n ) and a 2 (£ ra ) = 
a 2 (x', x n , £ n ) respectively, then b a2Al has an asymptotic expansion formula: 

j,l,m=0 

(3.7) 

When ai , a2 are independent of x n near the boundary , then we have: 

(3.8) 

where af(v) = iT^ai{x\ 0, v), a 4 ~ (w) = ir~ai{x' , 0, u), i = 1,2 and 

/(*', e', en) o' %) = E ^S-^s^9- (3.9) 

|q|>0 

Since vr+/(x) = and ir~f(x) = f(x), we get 6 a2iCll = if m or a 2 = /(x) by (3.7) 
and (3.8). So 6 CT (s , ),/ 1 = and [-7r + S',7r + /] = 7r + [5, /], then 

7 r + /o[7r + 5,7r+/ 1 ][7r + 5,7r + / 2 ] = ir + f ir + [S, h]ir + [S, fr] 

= ^ + / [vr + ([5,/ 1 ][5,/ 2 ]) + 7T / J B] 
= 7T + (f [SJ 1 ][S,f 2 }) + 7: + f o 7 :'B, 

where ir'B = L([S, fi], [S, / 2 ]) (here we use fi instead of fi) whose symbol is b. 

In the following we assume that fo is independent of x n near the boundary, then 
we have 

0--n(7r + /o oit'B) = f (x,0)b- n (x,£',£ n ,r) n ). (3.10) 
We can see it in the boundary chart by the equality (see [11, p. 11]) 

(7T + f o7T'B)u(x',x n ) = (2w)- n J e tx % n [Ux')b(x',e^n,Vn)(e + u) A ^, Vn )]dC. 

(3.11) 

By definition: 

27rwre S;E /tr(6) = / 2yrtr [tn7_ n (7r + /o o tt'B)(x', £')] a^')d n - 1 x' 

J\e\=i 

= fo(x',0) I I trb_ n {x',t',t n ^ n )dt n o(t')d n - l x' 

J\Z'\=1 JT+ 

= /o|y^n-i(/i,/ 2 ), (3.12) 

then 

n n -i(/i,/2)= / / trb-nix'^'^n^^dHnaiO^x' (3.13) 
is an (n — l)-form over Y". 

Theorem 3.1 For the fixed S, the form pair (fi n (/i, / 2 ), Jl n _i(/i, / 2 )) is uniquely 
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determined by (3.5) and (3.6). 

Proof. £l n {fi, f2) is uniquely determined by (3.6). We assume that Q' n _ 1 (fi, / 2 ) also 
satisfies (3.5), then 



Y 



/o|y^n-i(/i, /2) 



Y 



/o|y^n-i(/i> h) 



for any /o|y £ C°°(y). (In fact, using a cut function, for any g E C°°(Y~), there 
exists a function / £ C co (X) such that /|y = g and / is independent of x n near the 
boundary.) So f2 n _i(A,/ 2 ) = fi , n _ 1 (/i,/ 2 ). □ 
Proposition 3.2 Wres(7r + /o7r + [5, /i] 7r+ [5' 5 /2D a Hochschild 2-cocycle (for defi- 
nition, see [6]) over C°°(X). 

Proof. This proposition comes from the relations: 

[S, fh] = [S, f]h + f[S, h] ; j^{h [S, / 2 ]) = 7r+/i7r+[S, / 2 ]; 7r+/ ^+/i = vr+(/ 1 / ) 
and the trace property of Wres. □ 
Remark: f x fo£l n (fi, / 2 ) and J y /o|y^n-i(/i, ^2) are not Hochschild 2-cocycle over 
C°°{X). 

Proposition 3.3 fi n (/ij/2) ^n-i(/i) /2) ore symmetric in fi and / 2 . 
Proof. By [14], n„(/i,/ 2 ) is symmetric in /1 and / 2 , so ^„(/i,/ 2 ) is symmetric in 
/1 and / 2 . By the trace property of Wres and the commutativity of C°°(X), we note 
that: 

Wres(^+/ ^ + [5, /i]tt + [5, / 2 ] = Wres(7r+/ 7r+[5, / 2 ]7r + [5, /1]) 

So fi n _i(/i, / 2 ) is also symmetric in /1, / 2 by (3.5). □ 
Remark: The condition " fS 2 = S 2 f" in the theorem 2.7 of [14] is not used here. 
In the following, we write the expression of f2 n _i(/i, / 2 ) in detail. Let: 



^01,02 • — tr(6 aijC[2 ) — ^ b aita2 (x , £ , £,ni £n)dfin- 

By [5, p. 27], we have the formula: 



(3.14) 



E 



(_i)i+fc+i 



Shafts', 0, £„) o' cP+ l d k Xn a- 2 (x\ 0, 6 



Using (2. 2), (3. 13), (3.14) and (3.15), one obtains: 



(3.15) 



^n-l(/l, /2) 



+00 

\i'\=u-oo 



trace ^ 



(-<) 



fc (j + fc + l)! 



a^a| n a+(x', 0, o' ^ n +i ^ n a 2 (x', 0, _ n | d^VV (3-16) 

since the + + parts vanish after integration with respect to £ n (see [5, p.23]). 
For tt'B = L([S, /1], [S, f 2 \), by [14] lemma 2.2, then for i = 1, 2, we have: 



^[s, /»] = ^-fe^ /*] = E 

fc>l fe>l 



E ^(/03?(°V|fl)) 



(3.17) 
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By (3.9), then: 

'di n diat( X ', o, e„) o' C 1 ^^', o, e„y 



E ^^14(0 w o' C'C^w (*', o, e', ^) 



r,l \a\>0 
(-i)H 



where the sum is taken over r — — \a\ + / — j — 1 = — n, r, Z < —1, |a| > for the 
fixed j, k and (a 2 (/)) denotes the order r (Z) symbol of af (02). Using: 



a l(r) = ^„ a l(r-) 



7T C 



1/31=1 ^' 



01=1 ^ 



we have: 



«2 (0 = E 4r^^(/2)^(^f + i*|), 
1*1=1 



= EE E 



=1 1*1=1 



(_j)M+l/»l+l«l . 



^(/l)^4<„^(^ + |/3|) 



d s x (f 2 )di^dlaf l+m 



\x n =0 



(3.18) 



with the sum J2 as before. By (3.16) and (3.18), we get: 

00 -r -I ,^y + k+l+\a\+\P\+\S\ 



\£'\=\J-oo 



\x n =0 



trace 

di{f 2 )dl + n l dl^ im) ] \ Xn=0 } ^(Ocf-V (3.19) 



with the sum J] as (3.18). 
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4 The Even Dimensional Case 

Let (X,g) be an even dimensional, compact, oriented, Riemannian manifold with 
boundary Y and product metric near the boundary. (X,g) is the associated double 
manifold. Let (E,S) = (H,F) associated to (X,g) introduced by Section 1. Let the 
dimension of X be n. Since j^ =1 {the product of odd number of £j }f(0 = 0, then 
we have 

Lemma 4.1 ^ n (/i,/ 2 ) = when n is odd and ^ n _ 1 (/ 1 ,/ 2 ) = when n is even. 
Since n is even, by (3.5) and Lemma 4.1,we get: 

Wres(7r+/ok + F,vr + / 1 ]^ + F,vr + / 2 ])= / f n n (fi,f 2 ). (4.1) 

Definition 4.2 A subconformal manifold is an equivalence of Riemannian mani- 
folds. Two metrics g and g are said to be equivalent if g = e v g, where 77 satisfies ★) 
condition i.e. 77 G C°°(X); rj\Jri G (7 oc (X) where 77 U 77 = 77 on both copies of X. 
Example: 1) X = R" and f(x) is an even function about x n , take /|R+ = rj, then 
77 |J 77 satisfies *) condition. 

2) f{x) is independent of x n near the boundary. 



3) f{x) G C°°(X),f(x) = e^f{x') near the boundary and if not, f(x) = 0. 

Since the smoothness of 77 (J 77 just depends on a neighborhood of the boundary, 
so we get: 

Proposition 4.3 n G C°°(X) satisfies *) condition iff 3f G C°°(X) suc/i i/iai 
/|yx(-i,i) = ?71Myx(-i,i)- 

Proposition 4.4 Q n (fi, f 2 ) is subconformally invariant for the above subconformal 
manifold. 

Proof: Let g = e v g, where 77 satisfies *) condition, so g{Jg = e ri ^ v g\Jg and 
VU 7 ] ^ C°°(X). By [3] or [14] tt n (/i, / 2 ) is conformal invariant, then ^ g \j g (fi, h) = 

n n,g\Jg(h>fo) and ^n,g{f^h) = tt n ~(fi,f 2 ), where ^„ ifl (/i,/ 2 ) denotes n„(/i,/ 2 ) 
associated to 5. □ 

By [2, p. 339], we have 
Theorem 4.5 Lei [(X, #)] 6e a A- dimensional subconformal manifold with boundary 
as in the definition 4-2 and [(X,g)] be the associated subconformal manifold without 
boundary, then 



Ot(/l,/2) 1 



16vr 2 



\r{dh,df 2 ) - A(dh,df 2 ) + (Vd/i, Vd/ 2 ) - i(A/!)(A/ 2 ) 



Vol 



( 4 - 2 ) 

where fi, f 2 G C°°(X) are i/ie extensions of /i,/ 2 , r i/ie scalar curvature, Vol the 
volume form on X, A f/ie Laplacian and V i/ie Levi-civita connection associated to 
any metric of [(X,g)]. 
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5 ^ n -i(/i,/2) for Flat Manifolds in the ^-Independent 
Case 

In the rest of this paper, (X, g) always denotes an odd dimensional, compact, ori- 
ented Riemannian manifold with boundary Y and product metric near the boundary. 

n+l _ 

Similar to Section 4, we let (E,S) = (L 2 (A C 2 T*X),F), then VL n {f 1 J 2 ) = by 
Lemma 4.1. So for /o independent of x n near the boundary, we have 

Wres(7r + /o[7r+F,7r+/ 1 ][vr+F,7r+/ 2 ])= ^(/o|y)^-i(/i, / 2 ). (5.1) 

In this section, we assume that X is flat and f±, / 2 are independent of x n near the 
boundary and write ^n-i,flat(/i, / 2 ) instead of ^„-i(/i,/ 2 )- 

We follow the method in Section 4 in [14]. Since X is flat, so is (X,g). Then by 
Proposition 3.1 in [14], we have a(F) = gl{F) is independent of x where a(F) (<7l(F)) 
is the symbol (leading symbol) of F. Using this information we deduce from (3.19) 
j = k = and \ft\ = -r,\S\ = -I. Let ft = {ft', ft"), 8 = (6', 8"), where ft', 8' G 
Z™" 1 , ft" , 8" € Z + , then by f\, / 2 are independent of x n near the boundary, we have 
ft" = 8" = and 



^n-l,flat(/l) / 2 ) = ^ X! X! 

\P'\=-r\S\=-l 

f + OO 

trace 



-0 



l+|a|— r— s 



a5/ 1 (x',0)^7 2 (x',0)x 



/|€'|=i J-oo 

where the sum is taken over r + s — \a\ — 1 
Lemma 5.1 



a\ft'\8'\ 

*i d T P '°dF) x dt n $<r L (F)] d^')d n - l x', 

-n,r < —1, s < —1, \a\ > 0. We get 



^-l, fl at(/l,/ 2 ) = E^^^Vl(x^o)^ +5 7 2 (x^o)x 



+oo 



< 5 ? +/3 '^) x % n %>°L(F)\ d£ n a(e)d n -'x 



trace ttJ $7" a L (F) x 8 f „^,(7 L (F) c^a^"- 1 -' 

'|f |=1 J-OO 

where the sum is taken over \ft'\ + \8'\ + \a\ = n — 1, |/3'| > 1, \8'\ > 1. 



(5.2) 



To better handle the previous expression, we consider: 



W,£ n ,u,v) := ^ 



-u p 'v a+5 ' trace 



7T+^, +/3 V L (F) x $^ L (F)j (5.3) 



with the sum as before and u, v € R n_1 . Then by a recursive way we have: 



fin-l,flat(/l,/2) = Hf [£Aa, b d a x ,fl(x',0)d b x ,f2(x>,0) 



d^x' 



where A ab is a number satisfying J2 A a,bU a v b = f\£,\ =1 <f>(£' ,£ n ,u,v)dt; n <T(€') and 
the sum is taken over a + b = n — 1 and a > 1, 6>1, a, be Z+_ v Instead of a direct 
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approach to compute trace ir^d^^ ctl(F) x 9^'d^ n aL(F) , we shall use the Taylor 
expansion of function: 



*K?,v',tn) ■= trace [tt+ <t l (F)(£', £„) x d in <r L (F){n' , £n) 
Considering the Taylor expansion of + u, r/ + u, £ n ) about u, u at « = u = 0, then: 



|/3|>0 |<5|>0 



with (/?, <5) = (ai, ...,a n _i,a„, a 2 ( n _i)). 

Write r/, u, u, £„) := +«,??' + u, £ n ) and 



U I3 V 6 



K_MH',v',u,v,t n ) := 2 ^-trace [af,7r+ <x L (F)(£', x ^^^(F)^, £ n ) 

(5-4) 

where the sum is taken over |/?| + |<5| = n — 1, |/?| > 1, \S\ > 1 i.e. term of order n — 1 
in the Taylor expansion of + u, 77' + v, £ n ) minus the terms with only powers of 
u or only powers of v. Now, write: 



P = trace 



then: 



u /3V"+<5 



(3>+/3"=/3 



WW! ' 



where the sum 1S taken over |/3| + \S\ = n — 1; |/3| > 1; |J| > 1. 



= E y^[ p + Tn-MZ'i rf, v, v, e„). 

where the sum ^ is taken over |/?'| + \S'\ + \S\ = n — 1; |/3'| > 1; |<5| > 1. Therefore, 
by taking 77 = £ we obtain: 



In summary, we have: 
Theorem 5.2 



fin-l,flat(/l,/2) = Hf [£4^/l(z',0)^,/ 2 (z',0) 



(5.5) 



andT^^g ,r{ ,u,v, kn) is defined by (54). 
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By Theorem 5.2, to obtain an explicit expression of £l n -i in the flat case, it is 
necessary to study ip(£',r/,£ n ) for £' and r/' not zero in T*Y. Recall the theorem 4.3 
in [14] (we will find it is also correct when n is odd through the check.) says that: 
when (TL(F)(£)cri l (F)(r]) acts on m- forms on X, then 



(£ ri) 2 

trace [a L {F)(£) x a L (F)(rj)} = a n , m ' + b njTn 



WW 



(5.6) 



where 6 n , m = C™ - a n , m 



/~im—2 , ™ o/"< r 
"I" O-o — 



n _ 2 -r ^ n _2 — an< i denotes a combinator 

number. Suppose that g = g Y + d 2 x n near the boundary, then 

{Z,v) g = {S',r/) g r+Snrh (5.7) 
where £ = £' + £, n dx n ; rj = r( + rj n dx n . By (5.6) and (5.7), then 

trace[7r+a L (F)(£',£ n ) x d in a L {F){rf , £„)] = tt+^„ trace [<7 L (F)(0 x cfl{F) (ri)]\ Vn =z n 



(t,ri) 2 



I ??n — £n 



iei 2 i# 



by (2.1), Cauchy integral formula and the choice of r + : 



a n ,m 1 A 2((g', r/) + z?? n )zM 2 - 2 Vn ({e, rf) + zr/») 2 

|r?| 4 2vi u ^ J r+ (|£'| 2 + ^ 2 )(£n + iu-z) lvn=U 

a n ,m 2((e, V') + i\e\Vn)i\e\\v\ 2 - 2r?„((r, V) + i\C\Vn) 2 



\r,\< 



2i\mn-i\?\) 



Qn, m ((g / ,V)+^^n) 

^m-^'ixi^ + e 2 ) 2 



v'm'\-uz,v' 



So we have: 

Theorem 5.3 Suppose that (X,g) has a product metric near the boundary. When 
0l(F)(£' , £ n )aL(F)(r]' , £ n ) acting on m-forms in the boundary chart, then 
trace 



irl<T L {F)(?,Z n )xdt n <T L {F)(r/,t n ) 



where a r . 



i\mn- l \t , \)(w\ 2 +e n ) 2 

m—2 rmi i n/~im— 1 



(5.8) 



n-2 



C™2 + 2C^_ 2 



6 O n _i(/i, ^2) for Flat Manifolds in the x n -Dependent Case 

In this section, we assume that X is flat and /i,/2 are dependent of x n near the 
boundary. 
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Since X is flat, so a(F) = (Jl(F) and 
Lemma 6.1 



^n-l,flat(/l,/2) - n \anaiiw 



j,k=0 



a\(3'\f3"W\S"\(j + k + 1)! 



r, |<5| = — s. By (3.19), we have: 

^''*/il-=ox^'C +y 7 2 U„=ox 



|^'|=W-oo 



trace 



{^, +/3 'aJ [a| n 7r+3f> L (F)(e',en) x ^ n +1+5 'V L (F)(r/,£ n )] 1^)^(0^- v, 



(6.1) 

where the sum is taken over \f3'\ + 0" + \5'\ + 5" + \a\ + j + k + I = n, \(3'\ + 0" > 

i, i<y'i + <y">i, |a|>o. 

Similar to Section 5, we want to give its explicit expression. Let: 



x trace 



1 



u (P',j+n v (^+s',k+5") 



a\(3'\p"\5'\5"\(j + k + 1)! 

'd^'dt^Xa L {F){i',i n ) x dl'4: 1+S "a L (m',^ 
with the sum as before and u, v G R n . One obtains: 

fin-l,flat(/l,/2) = H) n [EA»,6^/l(x , ,0)^/ 2 (x , ,0) 

with e a^v = j^| =1 ;_ + ^ ^, «, wrwo- 

Now, 



u j+P" v k+8" 



"n "n 



,P",8"{£ ,V ,€n,U ,V )\r,'=Z> (6.2) 



with 



xflg+^trace [df n 7r+ df> L (F)(£', £ B ) x d|+ 1+5 "a L (F)(r/, £„)] (6.3) 

where the sum is taken over \/3'\ + |<5'| + \a\ = n- (j + k + l) - (5" - 5" = s, \(3'\+(3" > 

1, + 5" > 1 for fixed j, fc, /?", (5". 

Write 

1>j,k,fl»,S»(?,rf,S n ) ■= trace [d£ n 7r+ d^a L (F)^, £ n ) x 4 +W "«T L (F)(r,',^ 



1pj,k,P",S" (£', V) £n, «') := 1pj,k,/3",8"(€' + V + Cn); 

T 3 i/)j ! k,i3",6"(€','n',u',v , ,€ n ) := E 

|/3| + |«5|=s 



11V 



x trace 
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i.e. the term of order s in the Taylor expression of i/)j,k,/3",5"{i' , rf, u > v i in)- By (6.3), 

1 



<f>j,k,p"^o,5"Mi'i v', in, u, v') = a \3'\5>l U ' P ' V ' a+5 ' Xd Z' + ^ d v'^"^,5"Mi^ V, in) 



\/3'\+\S'\+\a\=s 

u //3' v f/3"+S , 

\l3\+\5\=sp'+p"=P P -' J 
= <j>f3»?0,8"^o(€',rf,u',v',€ n ). (6.4) 

Let T S)U (T Si ^) denote the term of order s in the Tayler expansion ipj t k,p",6" minus the 
terms with only powers of u (u) and T s ' denote the term of order s in the Tayler ex- 
pansion i}j t k,/3",5" minus the terms with only powers of u or v. In a similar way, we get: 



(j>j3"=0,5"=o(ti' , rf, u', v', in) = T s V/3»=0,<5"=o(? / , rf, u ' + v ' , v ') ~ T' s ^P"=0,8"=o{^' , rf, v' , v')\ 

<fip„ = o jS "^o{£', rf, vf, v', £„) = T SiM V/3"=o,5'Vo(C'> rf, u' + v', v') - T SjU V/?"=o,<$"^o(£', rf, v', v'); 
4>f3"^o,5"=o(C, rf ', u', v', £„) = T Si „V/3'Vo,5"=o(C', rf, u' + v', v') - T s>v ipp»^ 0! s"= (^, rf, v' , v'). 

(6-5) 

Summarizing, we have a similar result for manifolds with boundary to the theorem 
4.2 in [14]: 
Theorem 6.2 



fin-l,flat(/l,/2) = (-IT [Y,A a , b dZh(x',0)d b x h(x',0) 



with J2A a ,bU a v b = f\£'\=i J-™ 4>(i',in,u,v)d£ n a(£') and 4>(i' ,i n ,u,v) is determined 
by (6.2) (64) and (6.5). 

The computation of 4>j,k,/3",8"(i' , rf, in) is similar to the theorem 5.3. 



7 The Computation of f^C/i, f?) when n = 3 

In this section, we will give the global expression of ^(/l, f2) in three cases, 
a) Flat and f\,fi Are Independent of x n Near the Boundary. 

By lemma 5.1 and n = 3, we have \5'\ = = 1, \a\ = and 



fi2,flat(/l,/2) = E (-i) 3 d Xl fl(x',0)d x J 2 (x',0) 



j j d^d Vj {trace \7rfa L (F) x %cr L (F)l } \^ =v <d£ 3 a(£)dx 1 A dx 2 . 



In this subsection we denote 
3 , m = 2 we have: 



^ 11 by |*. Using the theorem 5.3, then for n 
IC'l=i 



Aj : = {trace [tt+ <7 L (F)(£', £ n ) x d u a L (F)(rf, £„)] } 
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= a 



where 



and 



A 



in-i\i>\ 

(e,v')+i\e\tn 



n,m n a 

o^A 



VI2 i c2 



1 - 



ttn-iW\) 2 \(i'\ Zn-i\(i'\ 

uie,v') + i\e\tn 



i\tW\ 2 + &) 



= A X -A 2 



A, 



im 2 +e n )-^M'^)+iw\in) 



(w\ 2 +e n r 



i 



u(e,v')+j\e\tn) 

' i\ZW\ 2 +&) 



Ao = 



ri'\ 2 +e n 

Through the computation, 

^(1+^)- 2^(1 + iCn 



-*6 



(ki 2 +e) 2 



A 2 L 



(i + e 



2\2 



1 - 



(i-*e 

-B 2 := a„ im % 



Cn-iie'l 



Sa — 



Ao 



Hn-i\H'\ 

Dij = Bi — B'2 = 



*(l+i£„)(l-i£„) 3 



2 I 



(en-i)(en + i) 5 



Using the fact that Jj^|=i = an d J|£'|=i a (£') = ^ where = 1 is the 

unit circle, we have % = j and 

2 r r+oo 

^2,flat(/l,/ 2 ) = Et-') 39 ^!^. )^^^. ) / Djjd&a^dX! Adx 2 

j = l J\?\ = lJ-O0 

= i± 8 Xjh w> ow, o) ^ i=i / r+ ^ (ew ;^. )2 ^(^ 

2 j e =1 J\t'\=i 



A dx<} 



/ n N a 3,2^ 



= -3vr 2 ^ Xj ./i(z', 0)^/ 2 (x', 0)dxi A dx 2 
j'=i 

= -37r 2 d(/i|y) A*d(/ 2 |y), 
because X is fiat and a3 i2 = 4. 

b) Flat and /i,/ 2 Are Dependent of x n Near the Boundary. 
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Since n = 3 and \{3\ > 1, \S\ > 1, so we have \5\ 
Lemma 6.1, then: 



1, \a\ = j = k = 0. By 



<w/i,/2)= e E(- i ) 3 C^'/i(x / ,o)^;c/2(^,o)x 

m=i\s\=i 

J /^J { traCe htC^( F )^' X ^V^X*/, ^)] } k'=V<n<T(OdxiAdx 2 



= D 1 + D 2 + Dz + D 4 , 



where 



D i= E EH) 3 *'/i(^,o)^;/ 2 (x',o)x 

|/3'|=1 |«5'|=1 

j f^^'^f ( traCe Kt^^)^'^) X ^n^(^)(V^n)]} l^'^^O^lA^; 

^2= E ( _i ) 3 ^5/l( a;/ ' )^n/2(^ / ,0)x 
|/3'|=1 

^ ^' {trace [tt+ <7 L (F)(£', £„) * % n o L {F)(r{ , £„)] } |e=W£ n a(0^i A dx 2 ; 

^3= E (-0 3 ^„/i(x / ,o)af,/ 2 (x / ,o)x 

|5'|=1 

7r+^ n< 7 L (F)(^,en) x 9 f „o- L (F)(»/^„)]} k'=r^ n <7(0^iAete 2 ; 

^4 = (-0 3 ^ n /i(x , ,0)5 a;n / 2 (x / ,0)x 
<^^(^)(e',en) x <9f n <7 L (F)(£',£ n )] d^a^O^i Acfe 2 . 



/ / (trace 
J\£'\=lJ-oc 1 L 



J\i'\ = l J-OD 



trace 



Observation: D\ = — 37r 2 <i(/i|y) A *(i(/ 2 |y) by case a). In order to compute D 2 , 
we must compute trace [71^ <7l(-F)(£', Cn) x d^ n a L{F)(r]' , £ n )]. Instead of the way of 
Theorem 5.3, we compute \ <t L (F)(?, firstly. Let p(£',£ n ) = e(0*(0 - K£MO 
be a polynomial with matrices as coefficients where and /(£) are the exterior and 
interior multiplications respectively, then 



\e\ 2 +e n 

by Proposition 3.1 in [14]. By (2.1), we have: 



7T 



iei 2 +a 



p(e,j\e\) 
2i\e\(z n -i\?\y 



ki 2 +e (M 2 +a 2 (ki 2 +a) 3 ^' ?n) - 
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Using | instead of taking £ ra = i\£'\, rf n = £ n , by Theorem 4.3 of [14] (n=odd case), 
then 



T := tiace\p(0 * P(ri)} = a n , m (tv) 2 + b n , m \t\ 2 \v\ 2 



so, 



T\ = a n , m [(Z',r/) + *|£ / |£n] 2 ; d Vn T\ = 2m n , m |£'| [{?,rf) + i\?\S n ] ; 8^T\ = -2a n , m |£'| 2 ; 



trace 



^L(FW,^)xdla L (F)( V ',C n 
4£„ 



<9 2 T| 



w\+e n Vn 



(w\ 2 +e n ) 2 Vn 



o-r (i ",y 



(|r?'| 2 + e) 3 " 



(7.1) 



then compute the partial derivative % of (7.1) and take £' = ?/ and = 1, we have 
the result has form £i/(£ n ). Using J|£/| =1 £i0"(O = 0) so ^2 = 0. Similarly, we have 
£>3 = 0. In order to compute D4, we'll compute 



Since 



trace[7r+d^ L (F)(^£ n ) x 3f n <x L (F)(£', £ n )] 



7T+0 C „<7 L (F)(£',£„) = TTj 



7T 



7T 



iei 2 +a 

2£nP(£',£n) 



(iei 2 +a) 2 



(ri 2 +a 2 

£n)lg„=i|€'| 

2i|£'|(£n-*|£'|) ' 



+ 



2i|£'|(£„-i|£'|) 2 2i|£'|(£ n -i|£'|) 



so, 



Using (7.2), then 



= trace 



f -P(^^iri) 

\2iiei(e^ - ii^i) 2 



trace[7r+<% n a L (F)(£',£ n ) x df n <7 L (F)(£', £ n )] 

C^'> ^) 4^5^^', Cn) 2ie? - , d 



(7.2) 



iei 2 +e 2 (ie'i 2 + e 2 ) 2 (iei 2 +e) 3 



p(f,£n) 



+ 



+ 



l-3g 2 

_(i+.en) 2 (i+a) 1 (i+e 2 ) 2 a+*£n) 1 a+e„) 3 

Integrate with respect to £ n , then 



r+ 



1 



+ 



4i£n 



+ 



(i+^„) 2 (i+e 2 ) (i+a) 2 (i+^n) (i+e. 
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So, 

Da = (-i) 3 d x J 1 (x , ,Q)d x J 2 (x , ,0) [ SwiaiOdx! A dx 2 

= -6ir 2 d Xn fi(x', 0)d Xn f 2 (x', 0)dxi A dx 2 
= -Qir 2 d Xn h(x\ 0)d x J 2 (x', 0)Voly. 

Then we deduce the formula: 

^2,flat(/i,/ 2 ) = D 1+ D 4 = -^ 2 d(f 1 \ Y )A*d(f 2 \ Y )-67T 2 d x J 1 (x',0)d x J 2 (x , ,0)Yo\Y. 

(7.3) 

Remark: X has the product structure near the boundary, so d Xn fi\x n =o 

€ C°°(Y). 

c) Non-flat Case 

Since n = 3 and r < — l,s < — 1, so r = s = — 1, \a\ = k = j = and 
\P\ = \S\ = 1, by (3.19) we have: 

n 2 (/i,/ 2 )= E EH) 3 ^/i(^°)^/2(^,o)x 

|/3|=1|5|=1 

/ / trace 7r+^ L (F)(e',^) xa 5n 9|a L (F)(^,^) ^(O^iA^. (7.4) 

J £'|=1 J — oo 

Observe: (7.4) is similar to case b) and the only difference is that ol(F) is depen- 
dent of x. In the spirit of [10], we compute this form by the normal coordinate way. 

In (7.4), there is no derivative d Xi with respect to trace, so we take the normal 
coordinate and take boundary point x = xq. Then g'^{xo) = 5ij where [g 1 ^] is the 
inverse matrix of metric matrix and this case is same to the case b). Whereas: 

2 

dfiix',0) A*df 2 (x',0)\ xo = E d xJi(x )d X:j f 2 (xo)g l3 (x )det2[g ij (x )}dx 1 Adx 2 

2 

= ^2d x j 1 (x )d x j 2 (x )dxi A dx2 

1=1 

and Volyl^, = dx\ A dx 2 , so (7.3) is correct in this case. By [3], 
n2(/i|y,/2|y) = -87rd(/i|y)A*d(/ 2 |y), 

then we obtain: 

Theorem 7.1 Suppose that (X,g) is a 3-dimensional compact oriented Riemannian 
manifold with boundary Y and has product metric near the boundary, then we have: 

n 2 (h,f 2 ) = -37r 2 d(/i|y) A*d(/ 2 |y) -6TT 2 d x j 1 (x',o)d x j 2 (x',o)Yoi Y 

= l7rn 2 (f 1 \ Y J 2 \ Y )-67r 2 d x J 1 (x',0)d x J 2 (x',0)Yol Y , 



Wres(7r+/ [vr+F, ir+ftfr+F, tt + / 2 ]) 

= -^ 2 J y My [d(fi\ Y ) A*d(f 2 \Y) + 2d x J 1 (x',0)d x J 2 (x',0)Vol Y ] . (7.5) 



19 



The above formula is the generalization to manifolds with boundary of idea in [3] 
when n = 3. By [3], ^(hW, /2|y) is conformally invariant. So although ^(/l,^) 
is not a confer mal invariant, but we have: 
Corollary 7.2 

fi 2 (/i, / 2 ) + evr^/iOr', O^j^s', 0)Voly 
zs a conformal invariant of (X, g) . 
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